ON THE EVOLUTION OF A HERMITIAN METRIC BY 
ITS CHERN-RICCI FORM 



VALENTINO TOSATTI* AND BEN WEINKOVE+ 

Abstract. We consider the evolution of a Hermitian metric on a com- 
pact complex manifold by its Chern-Ricci form. This is an evolution 
equation first studied by M. Gill, and coincides with the Kahler-Ricci 
flow if the initial metric is Kahler. We find the maximal existence time 
for the flow in terms of the initial data. We investigate the behavior of 
the flow on complex surfaces when the initial metric is Gauduchon, on 
complex manifolds with negative first Chern class, and on some Hopf 
manifolds. Finally, we discuss a new estimate for the complex Monge- 
Ampere equation on Hermitian manifolds. 



1. Introduction 

Let (M, J) be a compact complex manifold of complex dimension n. Let 
go be a Hermitian metric on M, that is a Riemannian metric go satisfying 
go(JX, JY) = go(X,Y) for all vectors X, Y. In local complex coordinates 
[z\, . . . , z n ), the metric go is given by a Hermitian matrix with components 
(ffo)jj- Associated to go is a real (1, 1) form coo = \f— l{go)qdzi A dlj, which 
we will also often refer to Hermitian metric. 

Given the success of Hamilton's Ricci flow [22] in establishing deep results 
in the setting of topological, smooth and Riemannian manifolds (see e.g. 
[23l 130]). it is natural to ask whether there is a parabolic flow of metrics 
on M which starts at go, preserves the Hermitian condition and reveals 
information about the structure of M as a complex manifold. In the case 
when go is Kahler (meaning duo = 0), the Ricci flow does precisely this. It 
gives a flow of Kahler metrics whose behavior is deeply intertwined with the 
complex and algebro-geometric properties of M (see [81 [151 Ell E21 EH E3 
ESI EZ1 Ell SQl El HQ [501 ED [56] , for example) . 

However, if go is not Kahler, then in general the Ricci flow does not pre- 
serve the Hermitian condition g(JX, JY) = g(X,Y). Alternative parabolic 
flows on complex manifolds which do preserve the Hermitian property have 
been proposed by Streets-Tian [121 S3] and also Liu- Yang [28] . 
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This paper is concerned with another such flow, first investigated by M. 
Gill 1191 . which we will call the Chern-Ricci flow. 



d 

(1.1) —uj = -Ric(w), u\ t =o = OJ , 

where here Ric(u;) is the Chern-Ricci form (sometimes called the first Chern 
form) associated to the Hermitian metric g, which in local coordinates is 
given by 

(1.2) Ric(w) = -v^ddlogdet^. 

In the case when g is Kahler, Ric(u;) = \[—\RqdZi A dzj, where Rq is the 
usual Ricci curvature of g. Thus if go is Kahler, (jl.ip coincides with the 
Kahler-Ricci flow. In general, Ric(w) does not have a simple relationship 
with the Ricci curvature of g. The Bott-Chern cohomology class determined 
by the closed form Ric(w) is denoted by c^ c (M). We call this the first Bott- 
Chern class of M. It is independent of the choice of Hermitian metric uj 
(see section [2] for more details). 

The following result for the Chern-Ricci flow was proved by Gill [19J: 

Theorem 1.1 (Gill). If cf c (M) = then, for any initial metric ujq, there 
exists a solution uj{t) to the Chern-Ricci flow U.l\) for all time and the met- 
rics uj{t) converge smoothly as t — > oo to a Hermitian metric uJoq satisfying 
Ric(woo) = 0. 

Moreover, the Hermitian metric ujoo is the unique Chern-Ricci flat metric 
on M of the form ujoo = ujq + \/—ldd(p for some function tp. The Chern-Ricci 
flat metrics were already known to exist [10\ [53] , and the estimate of [5l] is 
used in the proof of Theorem ll.il If ujq is Kahler then Theorem II .11 is due to 
Cao [8], with u>oo being the Ricci-flat metric of Yau [60]. In Section [2] below, 
we discuss the work of Gill |19j further, and also explain how the Chern- 
Ricci flow compares with some other parabolic flows on complex manifolds 
studied in the literature. 

Our first result characterizes the maximal existence time for a solution 
to the Chern-Ricci flow using information from the initial Hermitian metric 
ujq. First observe that the flow equation (jl.ip may be rewritten as 

8 -uj = -Ric(cjo) + s/-LdB9(t), with 0(t) = log det9 ^ 



dt det go 

Thus, as long as the flow exists, the solution uj(t) starting at ujq must be of 
the form uj(t) = at + \/—ldd@, for some function = Q(t), with 

(1.3) at = ujo — £Ric(u;o). 

Now define a number T = T(ujq) with < T ^ oo by 

(1.4) T = sup{£ ^ | 3ip G C°°(M) with a t + yf^ldd^ > 0}. 

By the observation above, a solution to (jl.ip cannot exist beyond time T. 
We prove: 



EVOLUTION OF A HERMITIAN METRIC BY ITS CHERN-RICCI FORM 



3 



Theorem 1.2. There exists a unique maximal solution to the Chern-Ricci 
flow fOp on [0,T). 

In the special case when ujq is Kahler, this is already known by the result 
of Tian-Zhang [51j . who extended earlier work of Cao and Tsuji [HJ |56[ I5T]. 
In the Kahler case, T depends only on the cohomology class [ujq] and can be 
written 



Furthermore the Nakai-Moishezon criterion, due to Buchdahl [7] and Lamari 
|25j for Kahler surfaces and to Demailly-Paun [11] for general Kahler man- 
ifolds, implies that at time T either the volume of M goes to zero, or the 
volume of some proper analytic subvariety of M goes to zero (cf. the dis- 
cussion in [15]). 

Note that in the general Hermitian case, we can consider the equivalence 
relation of (1, 1) forms on M: 



Then T defined by (jl.4p depends only on the equivalence class of uiq. 

In the special case when M is a complex surface (n = 2) a result of 
Gauduchon [16] is that every Hermitian metric is conformal to a <9<9-closed 
metric ujq. If ujq is 95-closed then so is u(t) for t £ [0, T). Moreover, we 
have a geometric characterization of the maximal existence time T: 

Theorem 1.3. Let M be a compact complex surface, ojq a dd-closed Her- 
mitian metric. Then T defined by can be written as 



for at given by M.'J\) . 

Note that for t E [0,T), the quantity § M a\ = j M uj(t) 2 is the volume of 
M (with respect to ui(t)) and J D at = j D ui(t) is the volume of the curve D. 
Thus we can restate Theorem 11.31 as: 

Corollary 1.4. Let M be a compact complex surface, ujq a dd-closed Her- 
mitian metric. Then the Chern-Ricci flow U.l\) starting at ujq exists until 
either the volume of M goes to zero, or the volume of a curve of negative 
self-intersection goes to zero. 

As we remarked above, the same result was known to hold for the Kahler- 
Ricci flow thanks to the Nakai-Moishezon criterion of [3 [25] . Analogues of 
Theorems 11.21 [L~3l and Corollary 11.41 were conjectured by Streets-Tian |44] 
for their pluriclosed flow (see Section [2] below). 

The Kahler-Ricci flow has a deep connection to the Minimal Model Pro- 
gram in algebraic geometry, as demonstrated by the work of Song-Tian and 



T = sup{t ^ | [w ] - td(M) > 0}. 




for some function if) G C°°(M). 
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others P3lESllSll35ll3Sll3Zll3Sll32lffiailIllSnil5Ill5Sll53]. In the case of 
algebraic surfaces, the minimal model program is relatively simple. Indeed, 
a minimal surface is defined to be a surface with no (— l)-curves (smooth 
rational curves C with C 2 = — 1). To find the minimal model, one can just 
apply a finite number of blow-downs, which are algebraic operations con- 
tracting the (— l)-curves. It was shown in [38] that the Kahler-Ricci flow 
on an algebraic surface carries out these algebraic operations, contracting 
(— l)-curves in the sense of Gromov-Hausdorff, and smoothly outside of the 
curves. Moreover, the same behavior occurs on a non-algebraic Kahler sur- 
face [3D]. In all dimensions, weak solutions to the Kahler-Ricci flow through 
singularites were constructed in [36] and a number of conjectures were made 
about the metric behavior of the flow (see also |41j). 

We return now to the case of a complex (non-Kahler) surface. In this 
case one can also contract the (—1) curves to arrive at a minimal surface. 
We conjecture that the Chern-Ricci flow on a complex surface starting at a 
93-closed metric behaves in an analogous way to the Kahler-Ricci flow on a 
Kahler surface. We prove the following: 

Theorem 1.5. Let M be a compact complex surface with a dd-closed Her- 
mitian metric ujq, and let [0,T) be the maximal existence time of the Chern- 
Ricci flow starting from uq . Then 

(a) If T = oo then M is minimal 

(b) If T < oo and Vol(M,w(t)) -)■ as t -> T~ , then M is either 
birational to a ruled surface or it is a surface of class VII ( and in 
this case it cannot be an Inoue surface) 

(c) If T < oo and Vol(M, cu(t)) stays positive as t — )• T~ , then M con- 
tains {—1)- curves. 

Furthermore, if M is minimal then T = oo unless M is CP 2 , a ruled surface, 
a Hopf surface or a surface of class VII with 62 > 0, in which cases (b) holds. 

In the case that M is not minimal, and (c) occurs, we expect that the 
Chern-Ricci flow will contract a finite number of (— l)-curves and can be 
uniquely continued on the new manifold. Moreover, we conjecture that this 
process can be repeated until one obtains a minimal surface, or ends up in 
case (b) above. More details of this conjecture can be found in Section [6j 

To provide some evidence for our conjecture, we prove the following the- 
orem. It is an analogue of a result for the Kahler-Ricci flow, whose proof is 
essentially contained in (5TJ (for a recent exposition, see Chapter 7 of [40J ) , 
and which was a key starting point for the work [36j [37], [38], [39] . We assume 
that the maximal existence time T is finite and, roughly speaking, that the 
limiting 'class' of the flow at time T is given by the pull-back of a Hermitian 
metric on a manifold N via ir : M — >■ N, where tt is a holomorphic map 
blowing down an exceptional divisor E to a point p G N. We show that the 
solution to the Chern-Ricci flow will converge smoothly at time T away from 
E. In this way, one can obtain a Hermitian metric on the new manifold N, 
at least away from the point p. Our result holds in any dimension: 
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Theorem 1.6. Assume that there exists a holomorphic map between com- 
pact Hermitian manifolds tt : (M, a>o) - ► {N,u)jsr) blowing down the excep- 
tional divisor E on M to a point p € N. In addition, assume that there 
exists a smooth function ip on M with 

(1.5) u - TRic (u ) + V^ddip = ir*u) N , 

with T < oo given by ftl.4\ )- 

Then the solution uj(t) to the Chern-Ricci flow starting at loq con- 

verges in C°° on compact subsets of M \ E to a smooth Hermitian metric 
lot on M\E. 

There are some new obstacles to proving this in the non-Kahler case that 
we overcome using a parabolic Schwarz Lemma for volume forms, and a 
second order estimate for the metric which uses a trick of Phong-Sturm |33j . 

In the cases when the flow has a long time solution, it is natural to 
investigate its behavior at infinity. If the manifold has vanishing first Bott- 
Chern class, we have already seen by Gill's result (Theorem II. lj) that the 
flow converges to a Chern-Ricci flat Hermitian metric. We now suppose 
that the first Chern class c\{M) is negative (note that c^ c (M) < implies 
ci(M) < 0). In this case, the manifold M is Kahler and a fundamental result 
of Aubin pQ and Yau [60] says that M admits a unique Kahler-Einstein 
metric wke with negative scalar curvature. Cao [8] then proved that the 
Kahler-Ricci flow (appropriately normalized) deforms any Kahler metric in 
—ci(M) to wke- The same is true for the normalized Kahler-Ricci flow 
starting at any Kahler metric |51| [56] . Our next result shows that starting 
at any Hermitian metric on the manifold M, the (normalized) Chern-Ricci 
flow will converge to the Kahler-Einstein metric cuke- 

Theorem 1.7. Let M be a compact complex manifold with c\{M) < and 
let u>q be a Hermitian metric on M . Then the Chern-Ricci flow (jl.ip has a 
long-time solution u>(t), and as t goes to infinity the rescaled metrics uj{t)/t 
converge smoothly to the unique Kahler-Einstein metric wke on M. 

In particular we see that the Chern-Ricci flow on these manifolds, after 
normalization, deforms any Hermitian metric to a Kahler one. 

Next we illustrate the Chern-Ricci flow with an explicit example. For 
a = (ai, . . . ,a n ) £ C"\ {0} with |ai| = • • • = \a n \ ^ 1, we consider the 
Hopf manifold M a = (C n \ {0}) / ~ where 

(zi,...,z n ) ~ (a 1 z 1 , . . . ,a n z n ). 

This is a non-Kahler complex manifold of complex dimension n. If n = 2, it 
is an example of a class VII surface. We can write down an exact solution 
to the Chern-Ricci flow on M a . Consider the metric ojh = iprV—^dzi Adzj. 
Then we have: 

Proposition 1.8. The metrics cj(t) := ujh— iRic (ujh) on M a give a solution 
of the Chern-Ricci flow on the maximal existence interval [0, 1/n). As t — > 
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T = 1/n, the limiting nonnegative (1, 1) form lot is given by 



LOT = 




ldzi A dzj . 



In the case of the original Hopf surface, which has a = (2, 2) and is an 
elliptic fiber bundle over P 1 via the map (z±, z%) i— >■ [z\, z^\, the limiting form 
lot is positive definite along the fibers and zero in directions orthogonal to 
the fibers. 

If we start with any metric loq which differs from u>h by v 7 —lddtp for some 
function ip, then we conjecture that the flow also converges as t — > T to a 
smooth but degenerate (1, 1) form on M a with properties similar to lot- To 
give evidence for this conjecture, we prove an estimate: 

Proposition 1.9. Let loq = loh + ^—Iddip be a Hermitian metric on M a , 
and let Lo(t) be the solution of the Chern-Ricci flow starting at loq on 

M a for t € [0, 1/n). Then there exists a uniform constant C such that 



In particular, this result shows that we obtain convergence for the flow at 
the level of potential functions in C 1+/3 for any (3 £ (0, 1). For more details 
see Section 

The final result in this paper concerns not the Chern-Ricci flow, but an 
elliptic equation: the complex Monge- Ampere equation 



on a compact Hermitian manifold (M, lo), where F is a smooth function on 
M. We give an alternative proof of a result of [Mj that H^Hc is uniformly 
bounded (see also [H [TJ] ) . The result makes use of a new second order es- 
timate in this context: tr^u/ ^ Ce A ^^ mihI ^ which we conjectured to hold 
in [53] . For more details see Section [9l We have included this result here 
because it follows easily from the argument used in Theorem 11.61 together 
with the method of [53]. The key new ingredient is the trick of Phong-Sturm 
[33] applied to this setting. 

2. Preliminaries and comparison with other flows 

In this section, we include for the reader's convenience some background 
material on local coordinate computations with Hermitian metrics. 

Let (M,g) be a compact Hermitian manifold of complex dimension n. 
We will often compute in complex coordinates zi,...,z n . In this case, g 
is determined by the n x n Hermitian matrix gg = g(di,dj), where we are 

writing di , dj for , -^=- respectively. We denote by gi % the entries of the 
inverse matrix of (^y). 

We define the Chern connection V associated to g as follows. Given a 
vector field X = X l di and a (1,0) form a = aidzi, we define VX and Va to 



Lo(t) ^ Clo h , for t G [0, 1/n). 



(1.6) 
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be the tensors with components: 



ViX k = diX k + T^Xi, V*a 7 - = 8 iaj - F k ,a k , 



where the Christoffel symbols T^- are given by 

4- = g^d igrq . 



The tensors VA" and Va have components VjX fc = diX k and V^ou- = d{ 



The connection V can be naturally extended to any kind of tensor, and we 
have V fc c/.j = 0. 

We write A for the complex Laplacian of g, which acts on a function / by 
A/ = g^didjf = ,i"V:V-f. 
The torsion of g is the tensor T with components 

rpk -pfc -pfc 

ij ~ ij ji ' 

The torsion tensor vanishes in the special case that g is Kahler. 
We define the curvature of g to be the tensor with components 

R p - -d-T p 

We will often raise and lower indices using the metric g, writing for ex- 
ample R k jf- = gpjRf.j/- Note that = R^j. We have the following 
commutation formulae: 

[V fe , V 7 ]X j = R kl /Xi, [V fc , Vj]X* = -RjjXl, 



[V fc , Vj]aj = -R k -Ja u [Vfc, V^a] = R 



where we are writing [Vfc, Vj] for VfcVj — VjV k - We write the Chern-Ricci 
curvature of g as the tensor i?^ given by 

^fcl = 9 JlR kIi] = -dkdjlogdetg, 

so that the Chern-Ricci form is equal to 

Ric(w) = V—lR^jdzk A dz£. 

It is a closed real (1, 1) form and its cohomology class in the Bott-Chern 
cohomology group 

H^(M - { closed real ^' 1 ) forms } 



{V^lddip, £ C°°(M, 

is the first Bott-Chern class of M, and is denoted by cY c (M). It is indepen- 
dent of the choice of Hermitian metric uj. More generally, if is a smooth 
positive volume form on M we can define locally Ric(f2) = —\/—ldd log $7, 
which is a global closed real (1,1) form that represents c^ c (M). For no- 
tational convenience, we omit the factor of 2ir that usually appears in the 
definition of c^ c (M). The downside of this convention is that some factors 
of 2-7T will appear later in the cohomological calculations of Section [6l 
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We end this section by briefly mentioning some related parabolic equa- 
tions on Hermitian manifolds which have previously been studied in the 
literature. Streets-Tian [43] introduced the flow 

d 

(2- 1 ) -Q t 9i-j = -% + Qfp ff|t=o = 90, 

where is given by taking 'the other trace' of the curvature of the Chern 
connection: 

c Jlk p 

and Qq is a certain quadratic term in the torsion. If the form coq associated 

to go satisfies ddujQ = 0, this equation becomes their pluriclosed flow 

d * 

(2.2) — oj = dd*co + dd uj — Ric(cj), ui\t=o = ujq, 

and if go is Kahler, it coincides with the Kahler-Ricci flow. They analyzed 
(|2.2p in detail in [42\ 144] and made a number of conjectures about it, two of 
which are analogues of our Theorems 11.21 and 11.31 They conjecture that their 
flow can be used to study the topology of class VII + surfaces. In addition, 
Streets-Tian considered a family of flows of the form (|2.ip with arbitrary 
quadratic torsion term Q and proved, among other results, a short-time 
existence theorem [33]. The flow (|2.ip was extended to the almost complex 
setting by Vezzoni [58] . Liu- Yang [28J propose studying the flow (|2.ip in the 
case of Q = 0. 

In |19j . Gill introduced the following parabolic complex Monge- Ampere 
equation on a compact Hermitian manifold (M,g): 

3 det(o. T -I- didrip) 

(2-3) _p = ]og— J2_-2_-*; % + ^>0, ^ =0 = 0, 

for a fixed smooth function F on M. He showed that the unique solution to 
(|2.3p exists for all time and, after an appropriate normalization, converges in 
C°° to a smooth function c^oo solving the complex Monge- Ampere equation 

(2-4) log ^ J * f ' =F + b, 

det(^j) 

for a constant b which is uniquely determined. The existence of solutions 
to the elliptic equation (|2.4p on Hermitian manifolds (generalizing Yau's 
Theorem [60J) was already known by the work of Cherrier [10] (if n = 2) 
and the authors [M] (n > 2). See also [HJ [62]. In the special case where g 
is Kahler, the flow (|2.3p had been considered earlier by Cao [8], who proved 
the analogous results. 

In the case when (M) = 0, we can find a function F satisfying 

dd log det g = ddF, 

and with this choice, u(t) = lu + V — Tddtp(t) for tp(t) solving (|2.3p is exactly 
the Chern-Ricci flow starting at uj. In general, the only difference between 
the Chern-Ricci flow and Gill's flow (12.311 is that for the Chern-Ricci flow 
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we replace the fixed metric g by a smoothly varying family of Hermitian 
metrics gt, and replace F by a particular function, which may also depend 
on t. Many of Gill's estimates carry over easily to the case of the Chern-Ricci 
flow and we will make extensive use of them here. 

A final remark about notation. In the following, C, C will denote uniform 
positive constants which may vary from line to line. 



3. Evolution of the trace of the metric 

In this section we write down a formula for the evolution of the trace of 
the evolving metric with respect to a fixed Hermitian metric. We will need 
this calculation in later sections. We carry out the computation here using 
tensorial quantities, following [10], rather than using a particular choice of 
complex coordinates as in [19], ETJ [43j [53] , for example. 

We suppose that we have three Hermitian metrics g,go and g such that 
g = g(t) satisfies the Chern-Ricci flow (11. ip . and such that the corresponding 
forms satisfy 

(3.1) w = ujq + rj(t), 

for a closed (1, 1) form Tj(t). 

We denote by V, T, T, R the Chern connection, torsion, Christoffel sym- 
bols and curvature of g. Denote by To the torsion tensor of go and by A the 
complex Laplacian associated to g = g(t). Then we have: 

Proposition 3.1. The evolution o/logtr^g is given by 

d_ 
di 



(3.2) 
where 



A logtrgs = (I) + (II) + (III) 



(I) 

{II) 
(III) 



1 



gJPg^g^ Vkg V _ gp _ + ^« TJ^g V _ tr §g 



- 2Re (g^f^Vjg 
1 



tigg 
9N tk ff k ff t g p - q 



tr g g 
1 



g^g ik (Viff 



it 



Ril p - 3 9 qP )9, 



kq 



trgg 

- g^ ik ff e (T r ik (g ) p - q 
Moreover we have 



9 ji 9 ek (V, ((T y j£ (g ) kp -) + V- & ((T y ik (g 



' pj 



(II) ^ Ctv g g, 



Re(sV fc (To)^(2obV f tr^ 
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for a constant C that depends only on g. If we are at a point where ti g g ^ 1, 
then 

(III) ^ C'tTgg, 
for C depending only on go and g. 

Proof. First, 

Atrgg = g ll V t Vj(g Ik g kI ) = g 3t g Ik V t Vjg kl . 
From the definition of covariant derivative, 

Vj9 k e = fyke - ^ P je9kp, 
and skew-symmetrizing in j, £ 

Vj9 k £ = %9kj + (d^)jkl ~ %9kv- 

But from (13. ID . duj = 8ojq, and we may rewrite this in terms of the torsion 
of go as (duj )j kl = (T ) P e (go) kp . Thus 

Switching covariant derivatives 

ViV z5fcJ = VjV^j - R lIk - q ^ p g p - + R^ 9m- 
Arguing as above, 

VjV^ = VjVkgg + V- e ((T Q ) P ik (go) pl ) - (V ? ff fe ) % - f p k V- e g pJ . 
Combining all of these we have 

Atr g g = <? i f<V I V k g Q + g^g ik (v t (pb^Gft)^) 
(3-3) + V- t ((T T ik (go) pJ ) - (vjf £ - Rf^gm 

~ (V^ + R lIk - q {f p )g pl - Tjfim, - ff k Vjg p ->J . 
We will make a change to the second to last term using 
(3.4) f^V igm = f^V k g i7j + fJ f (T ) p k [g ) P g - f p k fj e g p g. 

On the other hand, 

^tv g g = ^ fc d fc «%logdet( 5 ) = g^g^dkdfgg - g lp g« i g Jk d k g il d l9p7! , 

and we wish to convert the partial derivatives into covariant ones. For this, 
we use the relations 

d k g fj = Vfcff i7 + f r ki g rl 
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and 



= VjV^^j + f s ej V kgi s - R k - m g qr g r j + rJwV^j + f Lff^ 
Substituting we get 

(3.5) ^tv s g = g^g Ik VjV k g tl - g^g^g Ik V k9il V- m - g Ik gM kl{] 
and so, combining (|3.3j) . (13. 4|) and (j3.5l) . 



— -Ajlogtr^ 



giPgVg^VMgVjgpq + — / fe V fc tr^V ? tr^ 



+ 



tr <?S 



2Re W^flSljgA - g ll g Ik f[A p - q 



qi ^ 



g^g ik (V,, ( (TofMv) + Vj ( (T f ik (g 



'pj 



-g^g lk f^T )l( go ) p - q 



Note that in the first set of square brackets above we have used the identity 
T ki = —Tf k . To obtain (j3.2|) it remains to show that the expression 

in the second set of square brackets vanishes. To see this, note that 



R-ilkq R-kliq 



and so 

so that 
(3.6) 



9 k g q \Rukq~ R kliq) 



0. 



establishing f|3.2|> . 

We now give the estimates on (/), (//), (III)- The bounds on (II) and 
(III) follow immediately from the definitions of these quantities. It remains 
to prove the bound on (I). 

In the special case when g and g are Kahler, then it was shown by Aubin 
[1] and Yau [60] that (J) 0. To bound (/) in general we follow Cherrier's 
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generalization of this argument [10], as follows. Consider the inequality 

K = f^g^B^B^ > 0, 

where 

R- -X7 ^fctrgff | 

^ijfc - v *% % t + ^-fc, 

and Cq k will be specified below. Calculate 



K = g li g^g^V l g k3 V 1 g p - q + -^<f fc V fe tr^V f tr §5 



+ 2Re (j'VYV*) + « f V V'C^Qj,. 
Using the identity 

^i9 k j = ^k9ij + (T ) p ih (g ) pl - ff k g p - v 
in the third term we get 

K = 3VV fc V^ fcJ V ?9p5 - -I-^V fc tr^V^tr^ 



-2Re\g^(T r tk (g ) pT 



tTgg 



-2Rebv k [^ k -f[ k g pl ]^f 



+ 2Re [fiPtFCQpito) + g H g^g« k C llk C rm , 
and comparing this expression with (/) we get 



-2KJ^[C, lk -tf kg -]^f\ 



+ 2Re (9VV'[C, Si - f[ k g r -} V ?9p5 
and so the obvious choice to make is 



EVOLUTION OF A HERMITIAN METRIC BY ITS CHERN-RICCI FORM 



13 



which makes three terms disappear, and gives us 
(3-7) (J) = ± ( - K - 2Re (^Y k (ToUgo) pl ^f 




Hence 

as required. □ 

Note that for the purposes of this paper we will in fact only need the case 
of g = go. However, we included the above more general calculation since 
we anticipate that it may be useful in the future. 

4. Maximal Existence Time for the flow 
In this section we give proofs of Theorem 11.21 and Theorem 11.31 

Proof of Theorem \1.SX As an aside, note that T can also be defined by 
T = sup{T ^ | Vt G [0, T ], 3-0 G C°°{M) with a t + V-lddij} > 0}, 

for at given by (jl.3p . 



Fix To < T. We will show there exists a solution of (|1.1[) on [0, To). Define 
reference metrics obt for t G [0, To] by 

wt := a t + ^rV^lddf To = ~J^ u o + ^r(°% + V^lddf To ), 

with /t a function satisfying ax + \/ —ldd fx > 0. Note that these Her- 
mitian metrics vary smoothly on the compact interval [0, To] and hence we 
have estimates on fat which are uniform for t in [0, To]. It is convenient to 
write Cjt = oo$ + t\ where \ i s given by 

X = — V^^S/to - Ric(^o)- 
Jo 

Define a volume form Q = oo^e T o , which satisfies \/—ldd log f2 = % = 
■§t&t- Now consider the parabolic complex Monge- Ampere equation 

(4.1) ^ = log ( " f + V ^ r u t + ^ldd V >0, ^ =0 = 0. 

If 99 solves ()4.ip on some time interval, then taking y 7 — 1<9<9 of (j4. 1 j) shows 
that 00 = (bt + V - ldd(p solves (jl.ip on the same time interval. Conversely, 
if 00 solves (jl.ip on an interval contained in [0, To] then we have 

»(„ - ft) = -RicM - x = v^5 (log ^ - f ) = V=W5log £, 

so if we choose (/? to solve 

^ = log^, ^=o = 0, 
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which is an ODE in t for each fixed point on M, then we have — 
Co t — \/—lddtp) = so that indeed lo = &t + y/—Tddtp and tp satisfies (|4.ip . 
Therefore, the two flows (jl.ip and (|4.ip are essentially equivalent. 

We know by standard parabolic theory that there exists a unique maximal 
solution of (|4.ip on some time interval [0, T max ) with T max > 0. We may as 
well assume that T max ^ To. Assume for a contradiction that T max < To. 

We now prove uniform estimates for tp solving (|4.ip up to the maximal 
time: 

Lemma 4.1. There is a positive constant Co, independent oft G [0 , T mgiX ) 7 
such that 

(i) Mt)||oo <c . 

(A) mt)\\co<c Q . 

(iii) C^ 1 ^ < < C u} . 

(iv) For eac/i k = 0, 1, 2, . . i/iere exisi constants such that 

llvWIIc*^) < 

Proof. The proofs of (i) and (ii) follow almost verbatim from the Kahler 
case |51j . but we include brief arguments for the reader's convenience. For 
(i), put if) = tp — At for a constant A > 0. Suppose that a maximum of 
occurs at a point with t > 0. Then at this point, by the maximum principle, 

if A is chosen sufficiently large, a contradiction. Here we are using the fact 
that U)t is a smooth family of metrics on [0, T max ] . This gives an upper bound 
for tp and hence tp. The lower bound is proved similarly. 
For a lower bound for cp, first note that 

9 ■ A 

—<p = Aip + ti^x- 
Put Qo = (Tq —t)(p + (p + nt and compute 
d 



, )t A J Qo = (T - i)tr u x + n - Aip = tr u (u} t + (To - t)x) = ^uj^t > 0. 

Hence Qo is bounded below by the maximum principle and this gives a lower 
bound for tp (since we assume T max < To.) 

For the upper bound of tp, define Q\ = ttp — tp — nt. Then 

d \ 

— - A \ Qi = t tr^x - n + tr w (6J - u) t ) = tr u (tx - Wt) = -tr w o; ^ 0, 

and an upper bound for Q\ and hence tp follows from the maximum principle. 

Note that by (ii) the volume form uj n is uniformly equivalent to a fixed 
volume form Wq, say. To prove (iii) then, it suffices to obtain a uniform 
upper bound of tr 50 g. For this, we could apply the second order estimate of 
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Gill [19] . Instead, we give a different proof which uses a trick due to Phong- 
Sturm [33] , since we will use it again later in Sections [5] and EJ Choose a 
constant C so that <p + C ^ 1. Following f33], we compute the evolution of 

Q 2 = logtr 90 2 — Aip H 

<f + C 

for A a large constant to be determined. We wish to show that at a point 
where Q2 achieves a maximum, tr go g is uniformly bounded from above. It 
will then follow from (i) that ti go g is bounded from above on M. 
We apply Proposition 13.11 with g = go to obtain 



(4.2) 



9 

— - A ) logtr 9o5 ^ 



Re {g lk {T Q )l p d l ti go g) + Ctr g g 



dt J * y "^(tr go g) 

assuming we are calculating at a point with ti go g ^ 1. 

To bound the first term on the right hand side of (14. 2p . we note that at a 
maximum point of Q2 we have d{Q2 = and hence 



(4.3) 



1 



ditr go g - Adiip 



1 



Then at this maximum point for Q2, 
2 



di(f = 0. 



( tr 9o5) 2 



^{^{Tof^t^g 



(4.4) 



Re \A + 



1 



tr .9o5 



^ +CA\v + C? 



(^ + C)3 

for a uniform constant C. But we may assume that at the maximum of Q2 
we have (tr go g) 2 ^ A 2 (ip + C) 3 , since otherwise we already have the required 
bound on tr go g. 

Thus at the maximum of Q2, using (|4.2p . (|4.4[) . 



s$ 



A Q 2 < 



|9y|g 
+ (a + 



Ctr g g 
1 



1 



tr fl (5 - 9t) 



-\d^\l 



Since gt coffo with £ G [0, T max ], for some uniform Co > 0, we may choose 
A sufficiently large so that Ati g g t ^ (C + l)tr 9 go- Since (p is bounded from 
(ii), we obtain 

tr g g < C" 

at the maximum of Q2, for a uniform constant C . Hence at the maximum 
of Q2, 

1 , .-i detg 
(n — 1)! det 50 
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where we have applied (ii) again. Hence tr go g is uniformly bounded from 
above on M, giving (iii). 

Part (iv) follows from the higher order estimates of Gill [19]. □ 

It is now straightforward to complete the proof of Theorem 11.21 We have 
uniform estimates for the flow ip(t) on [0,T max ). Taking limits we have a 
solution on [0, T max ]. Applying the standard parabolic short time existence 
theory we obtain a solution a little beyond T max , a contradiction. Hence 
there exists a unique solution of (|4.ip on [0, To). Taking \/—ldd of (|4.ip 
gives us a solution of (jl.ip on [0, To). Since To < T was chosen arbitrarily, 
we get a solution of (jl.ip on [0,T). 

Uniqueness follows from uniqueness of solutions to (I4.ip . Clearly the flow 
cannot extend beyond T. □ 

Next we give a proof of Theorem 11.31 

Proof of Theorem \1.3[ Note that in general if dduio = then ddu> = for all 
later times. If n = 2 this means that the flow (jl.ip preserves the Gauduchon 
condition (recall that a Hermitian metric u is Gauduchon if ddu n ~~ l = 0). 
The key result that we need is due to Buchdahl [7\ and it says that if r] is a 
<9<9-closed real (1,1) form and wo a Gauduchon metric on a compact complex 
surface M such that 

/ 7] 2 > 0, i)Awo>0, / 77 > 0, 
Jm Jm Jd 

for all irreducible effective divisors D on M with D 2 < 0, then there exists a 
smooth real function / such that 77 + \J—lddf > is a Gauduchon metric. 
First of all observe that the following condition 

(4.5) f 7] 2 >0, / >jA^)0, /r/>0, 

Jm Jm Jd 

for all D as above is enough to guarantee the same conclusion. Indeed 
consider the (1,1) forms r/ t = 77 + tu , and take t > large so that r] t is a 
Gauduchon metric. Then we have 

/ V A Vt = / V 2 +t 77 A io>o > 0, 
Jm Jm jm 

and so we can apply Buchdahl's result using 7/ t instead of uq. In particular, 
if (|4.5p holds then in fact we have the strict inequality f M r\ A uj§ > 0. 

We now apply this discussion to the (1,1) forms a t = ujq — tRic(wo). 
As we have seen earlier, the evolving metrics u(t) are of the form u(t) = 
at + y/—lddtpt, and so it follows that T is the supremum of all t ^ such 
that 



(4.6) 



/ a 2 > 0, / a ( Aw )0, a t > 0, 
Jm Jm Jd 
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for all D as above. Furthermore, if (14. 6h holds at some time t then in fact 
J M at A ujq > 0. Therefore T is also the supremum of all To ^ such that 

o? t > 0, / a t > 0, 
I M J D 

hold for all t G [0,T ]. □ 
5. Estimates away from a divisor 

In this section we give the proof of Theorem 11.61 Let lo = oo(t) be the 
solution of (jl.ip on the maximal time interval [0, T). We assume in this 
section that T < oo. 

In addition, we make the assumption that there exists a smooth function 
/t on M such that 

(5.1) Co T ■= a T + yf^lddf T > 0, 

where we recall from (|1.3p that oit = ^o — TRic(^o)- In the Kahler case (|5.ip 
corresponds to the condition that the limiting Kahler class has a nonnegative 
representative. Define reference metrics 

Co t ■= ^ ((T - t)u + tCo T ) , for t G [0, T). 

Then by the same argument as in the beginning of Section [H we may write 
u(t) = Co t + yj—lddip where cp = <p(t) solves the parabolic complex Monge- 
Ampere equation 

(5.2) J^ = log ("t + V^ddipT ^ fi t + JZi d Q (p>Q} ^ =0 = , 

St 

for the smooth volume form Q = oo^e t . 

We begin with a proposition, which is exactly analogous to a result for 
the Kahler- Ricci flow [501 [51] ( see a ls° the expositions in [37[ HO]). 

Proposition 5.1. With the assumptions above, there exists a constant C 
such that for all t G [0,T) ; 

(i) \\ip(t)\\co^C. 

(ii) <p{t) < C. 

Proof. The proof is exactly the same as in the Kahler case. Briefly: the 
upper bound of <p follows from the same argument as in Lemma 14.11 For 
the lower bound of <p observe that Co t = loo + Aa>r ^ - too and hence 
Co i co(T — t) n £l for a uniform cq > 0. The lower bound of p follows from 
applying the maximum principle to the quantity 

Q = l p + n (T - t)(log(r - t) - 1) - (log c - l)t. 

Indeed if Q achieves its mimimum at some point (x,t) with t > then at 
(x, t) we have \/—ldd<p ^ and 

> > lo S - nlog(T - t) - log Cq + 1 ^ 1, 
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a contradiction. Hence Q achieves its minimum at time t = which gives 
the lower bound for ip. 

The upper bound of (p follows from the same argument as in Lemma 
O □ 

Next we prove a parabolic Schwarz lemma for volume forms for the flow 
(II. ip . It holds in the special case that Cjt is the pull-back of a metric from 
another Hermitian manifold via a holomorphic map. In the Kahler case 
this is due to Song-Tian [34J, and is a parabolic version of Yau's (volume) 
Schwarz lemma 1611. 



Proposition 5.2. Let cu = u(t) solve (COP on [0,T) with T < oo. Sup- 
pose we have a holomorphic map it : M — > N for N a compact Hermitian 
manifold of the same dimension n, equipped with a Hermitian metric ujn- 
Suppose that ujt = tt*ojn- Then there exists a uniform constant C > such 
that on M x [0,T), 

Proof. Call 

u = 

the ratio of the volume forms. At any point where u > we can calculate 
d \ - 3 

— - A J log u = tr w 7r*Ric(wAr) - tr w Ric(w) - 9 Jt -^9fj = tr^7r*Ric(cJAf). 

We apply the maximum principle to 

Q = logu-Aip- An(T - t)(log(T - t) - 1), 

for a constant A to be determined (cf. |40t Lemma 7.3]). The maximum of 
Q is achieved at a point where u > 0, so we compute 

d \ 

— - A J Q = tr w vr*Ric(o;Ar) - A(p + ^nlog(T - t) + Atr^oj - Cj t ) 
= -tr w ((>4 - l)Q) t - TT*Ric(u N )) - Alog 



n(T-t) n 
- tr w 6j t + An. 

Choose A sufficiently large so that for all t £ [0, T], 

(A — 1) 

(A-l)u t -7r*Ric(u N ) = y - 1 ((T — t)ujQ +tvr*o; A r)-7r*Ric(w A r) ^ tt*oj n . 
Note that by the arithmetic-geometric means inequality, 

(T-t) /(T-^) n fi^ 1/n 

tr^^t > — - — tr w w ^ c 
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for a uniform c > 0. Then 

- - A J Q < -tr u ** UN + Alog J - c ^ J J + An 
< — truTr*^ + C, 

using the fact that the map x h-> ^41ogx — cx 1//n is uniformly bounded from 
above for x > 0. Thus at a maximum point of Q we have tr w 7r*u;Ar ^ C, and 
applying the arithmetic-geometric means inequality again, u is uniformly 
bounded from above at this point. Since ip is uniformly bounded by Propo- 
sition (57T], this implies that Q is bounded from above, and hence so is u. □ 

Now assume that we are in the situation of Theorem 11.61 The map it : 
M — > N is a holomorphic map blowing down an exceptional divisor E to a 
point p £ N. More explicitly, a neighborhood of E in M can be identified 
with 

B = {(z,£) G B x P"- 1 | z G £}, 
where 5 is the open unit ball in C n and elements I in p n_1 are identified 
with lines through the origin in C n . The map ir on B is identified with the 
projection (z,l) i— )■ z G B and the exceptional divisor E C M with the set 
7r -1 (0) C -B. vr is a biholomorphism from M \ E to N \ {p}. 
By assumption, there exists a function ip = fx with 

wt := olt + V—lddfx = tt*u>n. 

Now there exists a Hermitian metric h on the fibers of the line bundle [E] 
associated to the divisor E with the property that for e > sufficiently 
small, 

(5.3) 7t*u>at — eRh > 0, with iih = —\/—Tdd log /i. 

For a proof of this statement, see [2Q|, p. 187]. Although it is stated there 
in the Kahler case, the same proof carries over with ujn Hermitian. Fix s a 
holomorphic section of [E] vanishing along E to order 1. 
We have a lemma: 

Lemma 5.3. With these hypotheses, there exists A > and C such that 

C 

\ b \h 

Proof. Define, as in Tsuji's work [56], <p = ip — Eq log |s|^, which is uniformly 
bounded from below and goes to infinity on E. Here £q > is a small 
constant that will be specified below. Choose a constant Co so that y? + Co ^ 
1. Following Phong-Sturm [33] (and as in Lemma 14.11 above), we compute 
the evolution of 

Q = logtr 90 # - Atp + — — — , 

for A to be determined (assume at least Aeq > 1). Note that the quantity 
1/(<P + Cq) is bounded (in fact it lies between and 1). Moreover, Q tends to 
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negative infinity on E and hence for each fixed time t, the quantity Q(x,t) 
achieves a maximum at some point in M\E. 
From Proposition 13.11 we have 



( tr 3oS) 2 ~ 



assuming we are calculating at a point with tr go g ^ 1. To bound the first 
term on the right hand side, we note that at a maximum point of Q we have 
diQ = and hence 



1 



Oitr go g - Adi(p 



1 



tr^" au - " (^ + C ) 
Thus at this maximum point for Q, 
2 



7 diip = 0. 



fa god) 2 
2 



^ [g ek (To) P k AtT go g 



tr .go5 



Re M + 



1 



W + C^ + C ) 3 



(^ + C ) 3 



( tr 9of) 2 ' 



for a uniform constant C. If at the maximum of Q we have (tr go g) 2 ^ 
j4 2 (<^ + Co) 3 then at the same point we have 

(tr go g)\s\l Aeo ^A&-s log\s\t + C )^s\l A£0 ^C A , 
for a constant Ca depending on A, and so 



Q = log((tr so flr)|s 



Aif + - 



A- 



and we are done. If on the other hand at the maximum of Q we have 
A 2 {£ + C ) 3 ^ (tv go g) 2 then 

2 



ReU k {T f k Vjt? go g 



+ CtT g g . 



0/3 + C ) 3 



Now compute at the maximum of Q, using ([57 



1 dt (<p + C ) 3 



+ Ctr 95 o - [A + 



(^ + C 



(5.5) 



(^ + C ) 3 



(^ + C ) 2 



Since we clearly have Cj% ccD^ for some constant c > 0, we can use (|5.3j) to 
get that tDt — eoRh ^ cq^o for some uniform cq > 0, provided we choose £q 
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sufficiently small. Hence we may choose A sufficiently large so that 

n 

tr g g < Clog— + C. 
Hence at the maximum of Q, 

because we know that ^ C and x i— >• x| logx| n_1 is bounded above for x 
close to zero. This implies that Q is bounded from above at its maximum, 
and completes the proof of the lemma. □ 

It is now straightforward to complete the proof of the theorem. 

Proof of Theorem \1.6[ We apply Proposition 15. 21 and Lemma [5 .31 to see that 
for any compact set K C M \ E, there exists a constant Ck > such that 

C^coo ^ u(t) ^ C k lo on K x [0, T). 

Applying the higher order estimates of Gill [19], which are local, we obtain 
uniform C°° estimates for uj(t) on compact subsets of M \ E. In particular, 
for every compact set K there exists a constant C' K such that 

d 

—uj = — Ric(w) ^ C' k uj, 

which implies that e~ c K t u}(t) is decreasing in t as well as being bounded 
from below. This implies that a limit for uj(t) exists as t — > T, and since we 
have uniform estimates away from E, we see that u(t) converges in C°° on 
compact subsets to a smooth Hermitian metric lot on M \ E. □ 

6. The Chern-Ricci flow on complex surfaces 

In this section we give a proof of Theorem 11.51 and we pose some conjec- 
tures on the behavior of the Chern-Ricci flow on surfaces, and its relation 
to the 'minimal model program for complex surfaces'. 

First recall that the Kodaira dimension of a compact complex manifold 
M of dimension n is given by 

(M\ V logdimff°(M,lif M ) 
k(M) = hmsup G {— oo, 0, 1, . . . ,n\. 

e^+oo log £ 

Proof of Theorem \1.5l (a) If M is a non-minimal compact complex surface 
then we must have T < oo, because if D is any (— l)-curve in M we have 
that D ■ Km < and so the volume of D, 



/ u(t)= I Lo + 2iTtD ■ K M , 
Jd Jd 



becomes zero in finite time. 

(b) If the volume goes to zero at time T < oo, we have that J M a T 
0, where we recall from (|1.3j) that ax is the <9<9-closed (1, 1) form ay 
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ujq — TRic(wo). We claim that in this case the Kodaira dimension k(M) is 
negative, which by the Kodaira-Enriques classification [2J [3] implies that M 
is either birational to a ruled surface or of class VII. Indeed, if k(M) ^ 
then some power £Km, i ^ 1 of the canonical bundle would be effective. Let 
E be an effective divisor in s a section of £Km defining E and h a 

smooth metric on the fibers of EKm- Then by the Poincare-Lelong formula 
the curvature r] of h is a smooth closed real (1,1) form such that 

2tt[E] =r] + ^/^Iddlog \s\ 2 h 

holds as currents on M (see also [17] ) . In particular for any <9<9-closed smooth 
(1, 1) form 7 we have 

/ 7 A rj = 2ir / 7. 
Jm Je 

Moreover if 7 is a Gauduchon metric we have 



7 Acf c (M) = -— / 7 <0, 
M 1 JE 



because —jf] represents c^ c (M). Taking 7 = u)(t) and letting t approach T 
we get 

/ a T Acf c (Af) ^ 0. 

We also have 

= / q| = —T / a T A cf c (M) + / a T Aw 
Jm Jm Jm 



^ / ay A wo ^ 0, 

which implies that J M ayAwo = 0. Applying [6l Lemma 4] we see that ot = 
\/—lddf for some smooth function /, which implies that wo is Kahler and 
that M is Fano, contradicting the assumption that the Kodaira dimension of 
M is nonnegative. To see that M cannot be an Inoue surface, we apply the 
observation (below) that on an Inoue surface, the Chern-Ricci flow exists 
for all time. 

(c) Assume now that T < 00 and that the volume does not collapse at 
time T, so that f M a\. > 0. We know from Theorem 11.21 that there is no 
smooth function / such that ar+V~ Iddf > (otherwise we could continue 
the flow past T). On the other hand for e > 

a T + ew = (1 + e)w - TRic(w ) = (1 + e) - j^-^Ric(uj )^ , 

and since < T we have loq — Yq^Ric(wo) + \/—lddf > for some function 
/. Therefore 

/ w A (qt + ew ) > 0, 
Jm 
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and letting e — > we get f M ar A wo ^ 0, therefore 

/ ay A (ay + ewo) = / a| + e / ay A wo > 0. 
Jm Jm Jm 

We now apply the main theorem of [7] , and we see that there is an irreducible 

effective divisor D C M with D 2 < such that J D cxt = 0. Furthermore 

(6.1) 2ttK m D = - ! Ric(wo) = - / (a T - u ) = - i / w < 0, 

Jd j Jd j Jd 

and so by the adjunction formula D is a smooth ( — l)-curve. 

Assume now that M is minimal and consider first the case when M is 

Kahler. If k(M) ^ then K M is nef thanks to [2, Corollary III. 2.4], while if 

k(M) = — oo then by the Kodaira-Enriques classification M is either CP 2 or 

ruled. If Km is nef then J M c^ c (M) 2 ^ and if k(M) ^ then some power 

of Km is effective, so the argument above implies that f M uq A cf c (M) < 0. 

Thus the volume along the flow is 

Vt = I co(tf= [ co 2 -2t[ W0 Ac? c (M) + f 2 / c? c (M) 2 , 
Jm Jm Jm Jm 

which is always positive, so by Theorem 11.31 we have T = oo. On the other 

hand if M is CP 2 or ruled then we must have T < oo and since case (c) is 

excluded we must be in case (b). Indeed, if M is CP 2 and E is a line inside 

it then E ■ Km < and its volume 

/ w(t) = / u + 2ntE ■ K M 
Je Je 

goes to zero in finite time. The other case is when M is ruled and E = CP 1 
is a fiber of the ruling then E-E = and by the genus formula E-Km = —2, 
which again implies that the volume of E goes to zero in finite time. 

If on the other hand M is not Kahler, thanks to the Kodaira-Enriques 
classification [21 [3] we know that minimal non-Kahler compact complex sur- 
faces fall into the following classes: 

(1) Primary and secondary Kodaira surfaces, 

(2) Surfaces of class VII with b 2 (M) = 0, 

(3) Minimal surfaces of class VII with b 2 {M) > 0, 

(4) Minimal properly elliptic surfaces, 

where a surface of class VII is by definition a compact complex surface with 
b\{M) = 1 and n{M) = — oo, while a properly elliptic surface is an elliptic 
surface with k(M) = 1. The surfaces in (1), (2) and (4) are completely 
classified, and while there are many examples of surfaces in (3), a complete 
classification is still lacking (see e.g. [21 113 E3 ESI 03 HZl HS] ) • We treat 
each case separately. 

In case (1) the manifold M has torsion canonical bundle (i.e. some power 
£Kmi £ ^ 1 is holomorphically trivial). In particular these manifolds have 
cf c (M) = 0, and Theorem O says that the Chern-Ricci flow starting from 
any initial Hermitian metric ujq has a long time solution uj{t) (so we are 
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in case (a)) which as t goes to infinity converges smoothly to the unique 
Hermitian metric of the form = u>o + \/—ldd(poo with Ric(woo) = 0. 

In case (2), the manifold M is either an Inoue surface or a Hopf surface 
[271 US]- Suppose first that M is an Inoue surface. Then M does not 
have any curves and by [48 \ Remark 4.2] any Gauduchon metric loq satisfies 
J M u)Q A c^ c (M) < 0. In particular the volume of M along the flow is 

V t = [ oj(t) 2 = I ul-2t [ w Ac? c (M). 

JM JM JM 

Since Vt is always positive, Theorem 11.31 implies that the Chern-Ricci flow 
exists for all positive time, so we are in case (a). 

If M is a Hopf surface, it follows from the arguments in [48, Remark 4.3] 
that any Gauduchon metric loq on them satisfies f M ojq Acf c (M) > 0. Indeed 
as we have seen this holds whenever M has a plurianticanonical divisor, and 
[481 Remark 4.3] shows that every primary Hopf surface has an anticanonical 
divisor. But every Hopf surface is either primary or secondary (i.e. a finite 
unramified quotient M — > M of a primary one) and an anticanonical divisor 
on M gives a plurianticanonical divisor on M. In particular the volume of 
M along the flow is 

V t = I co(t) 2 = [ <4-2t I Lu Acf c (M), 

JM JM JM 

which goes to zero in finite time, and so the Chern-Ricci flow exists for finite 
time. In fact, since every curve on M is homologous to zero, the flow exists 
precisely as long as the volume stays positive and then it collapses, so we 
are in case (b). We will investigate the behavior of the flow on a family of 
Hopf manifolds in Section [8j 

In case (3), if we call b2(M) = n > 0, we have J M c 2 (M) = —n (see e.g. 
[471 p.494]). It follows that the Chern-Ricci flow starting from any initial 
Gauduchon metric ojq exists only for finite time, because the volume of M 
along the flow is 

V t = [ u(t) 2 = [ u 2 - 2t f oj Q /\c^ c (M)-4iT 2 nt 2 , 
JM JM JM 

which goes to zero in finite time. Furthermore, since M is minimal and using 

again Theorem 11.31 we see that we are in case (b). Note that carrying out 

a space-time rescaling of the flow to have constant volume will still produce 

a solution that exists only for a finite time (cf. the discussion in [44]). 

In case (4) we have J M c 2 (M) = and by definition some power of the 

canonical bundle £Km, i ^ 1, is effective. Arguing as before, this implies 

that 

/ w Ac5 !C (M)<0. 

JM 

Therefore the volume along the Chern-Ricci flow remains positive for all 
time, and since M is minimal the flow has a long time solution and we are 
in case (a). □ 
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Furthermore, arguing like in [40t Proposition 8.4], one can show that in 
case (b) the volume goes to zero quadratically only on a Fano manifold in 
the anticanonical class, otherwise it goes to zero linearly. 

We finish this section with some further discussions and conjectures. We 
begin by considering what happens in case (c), along the lines of [40, The- 
orem 8.3]. First of all note that olt is a <9<9-closed real (1,1) form with 
Im a T > 0. It follows from [6j Lemma 4] that if tp is another <99-closed real 
(1,1) form with J M ip A ay = then J M tp 2 ^ with equality if and only 
if ij) = ^/—lddf for some function /. If now D\, D2 are irreducible distinct 
(— l)-curves (so D\ • D 2 ^ 0) with J D ax = J D «t = 0, then as before we 
can express the divisor D\ + D2 as 



in the sense of currents, where rj is a smooth closed form that represents 
2itc\{Di + D 2 ). Therefore, since ddax = 0, 



and so 4n 2 (Di + D2) 2 = f M r] 2 ^ 0, with equality implying that rj = 
y/—lddf. But this would give 




a contradiction. Thus we conclude that {D\ + D2) 2 < 0, which implies that 
D\ -D% = and D\,D2 are disjoint. The set of all these (— l)-curves is finite, 
Di, . . . , Dk say, because they give linearly independent classes in homology. 
Contracting all of them we get a contraction map n : M —> N, where N is 
a compact complex surface which is Kahler if and only if M is. 

In light of the behavior of the Kahler-Ricci flow on surfaces, it is natural 
to ask whether the Chern-Ricci flow contracts, in the sense of [38], the 
(— l)-curves D\, . . . , Dk to points pi, . . . ,pk on N. First, do the metrics oj(t) 
converge smoothly on compact subsets of M \ [J • Di to a smooth Kahler 
metric uj(T) on M \ |Jj Di, as in Theorem \1.6V This would hold if we can 
find /3, a 09-closed real (1, 1) form on N, and / a smooth function on M 
such that ir* (3 = «t + \/—lddf. 

Furthermore, does the family (M,ui(t)) converge in the sense of Gromov- 
Hausdorff to a limiting compact metric space (N, d) as t — > T~ ? Can we 
produce a solution of the Chern-Ricci flow ui(t) on N for t G [T, T'\ (with 
T' > T) such that S)(T) on N \ {pi, . . . ,pk} can be identified with u(T) via 
the blow-down map? Does the family (N,u(t)) converge in the Gromov- 
Hausdorff sense to (N, d) as t -)■ T + ? 

If this can be carried out, one could continue this process a finite number 
of times to obtain a solution of the Chern-Ricci flow 'with canonical surgical 
contractions' [38] all the way to the minimal model of M. 





= 







26 



V. TOSATTI AND B. WEINKOVE 



Finally, what is the long time behavior of the Chern-Ricci flow on a min- 
imal model M ? In the case when M has Kodaira dimension zero, so that it 
has torsion canonical bundle (and is either a Calabi-Yau surface or a Kodaira 
surface) the flow always converges to a Chern-Ricci flat metric (which need 
not be Kahler, even if M is Calabi-Yau) by Gill's Theorem 11.11 Another 
case (of course there are many more) is when c\{M) < 0. We discuss this 
case, for any dimension, in the next section. 

7. Convergence when ci(M) < 

In this section we assume that M is a compact Kahler manifold with 
ci(M) < and we give the proof of Theorem 11.71 

Start by fixing a smooth volume form with Ric(O) < 0, which is possible 
because c\{M) < 0, and note that Ric(O) also represents cf c (M). There- 
fore, for all t > the (1,1) form lvq — tRic(O) is positive, and by Theorem 
11.21 the Chern-Ricci flow (jl.ip exists for all time. Call Cj(s) its solution. 

We consider now the rescaled metrics u = and a new time parameter 
t = log(s + 1), so that the new metrics solve 

d 

(7.1) — to = -Ric(w) - to, u\t=o=uj , 
at 

for all positive t. First of all we show that (|7.ip is equivalent to a para- 
bolic complex Monge-Ampere equation. To see this, call Cj = — Ric(f2) + 
e~*(Ric(f2) -\-ujq), and note that they are Hermitian metrics that satisfy 

d 

(7.2) —Cj = -Ric(fi) - Cj, cD| i=0 = u Q , 
at 

and Cj converges smoothly to — Ric(S7) as t goes to infinity. It follows that 

Q _ ^jTl 

— (uj -Cj) = -(oj -Cj) + ^f-[^^log—■ 
Consider now the solution ip of the equation 

d UJ n 

(7-3) — v3 = log— <^| i=0 = 0, 

which exists for all positive time as can be seen by regarding it as an ODE 
in t for each fixed point on M. We have that 

^ [e\uj -Cj- V^lddip)) =0, (w - Cj - ^/=ldd<p)\ t=0 = 0, 



dt 

which implies that uj = Cj + \/— lddip holds for t 0. Then Theorem 11.71 
follows directly from: 

Theorem 7.1. As t — > oo we have that ip — > ipoo smoothly, and oJqo := 
— Ric(fi) + v 7 — lddtpoo equals the unique Kahler- Einstein metric cuke- 

Proof. First, we derive uniform estimates for <p independent of t. The esti- 
mates for 1 1 <p\\co and H^Hc follow from the same arguments as in 
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Indeed, a simple maximum principle argument shows that \ip\ ^ C indepen- 
dent of t. Compute 

d \ 

— -Aj(p = -<p- tr a ,(Ric(fi) + Co) 

= —(p — n + A93 — tr w Ric(f2), 

and so 

d \ 

— - A )(cp + ip) = -n - tr w Ric(ft). 



At the minimum of <p+(p, assuming it occurs for t > 0, we have — tr w Ric(f2) ^ 
n, and since Ric($7) < the arithmetic-geometric means inequality gives us 
ip + ip = log ^ — C at this point and hence everywhere. Since \ip\ ^ C, 
we get ip ^ — C. But we also have that Ric(fi) + d> = e _t (Ric(J7) + ujo), and 
so 

— - A j (ip + ip + nt- e(p) = tr^wo > 0, 

which implies by the maximum principle that, for t ^ 1, (p ^ Cte ^ 
Ce - */ 2 . This estimate is the same as the one in |51| . 

We feed this into the second order estimate as before. More specifically, 
denote by Q = logtr 90 g — Atp+^-^, where tp+C ^ 1, and apply Proposition 
13.11 with g = (70 to obtain 

^L-A) logtr^ < J^y Re (^(nr^djtr^g) + Ctr g9o - 1, 

assuming we are calculating at a point with tr ff0 <7 ^ 1, and arguing as in the 
proof of Lemma [4. II we get that u: is uniformly equivalent to loq independent 
of t. Uniform higher order estimates are then provided by Gill's paper |19j . 
In particular, it follows that 

— - A J (eV) = -tr a; (Ric(0) + oj ) > -C, 

and so the maximum principle implies that ip ^ —Cte~ t ^ — Ce - */ 2 . This 
implies that as t approaches infinity ip converges uniformly to zero exponen- 
tially fast, which implies that <p converges uniformly exponentially fast to a 
continuous limit function ip^ . Since we have uniform higher order estimates 
for p, it follows that <poo is actually smooth and the convergence of <p to c^oo 
is in the smooth topology. Therefore we can pass to the limit in (|7.3p and 
see that the limiting metric Woo = — Ric(f2) + \J — Iddtpoo satisfies 



and taking \J — ldd of this, we get 

Ric(o;oo) = -Woo, 

so that Wqo is the unique Kahler-Einstein metric on M. □ 
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8. Hopf Manifolds 

In this section we study the Chern-Ricci flow on some Hopf manifolds. 
As in the Introduction, for a = (a±, . . . , a n ) G C n \ {0} with \a%\ = ■ ■ ■ = 
\u n \ ^ 1, let M a be the Hopf manifold M a = (C n \ {0})/ ~, where 

(zi, ...,z n )~ (aiz 1 , . . .,a n z n ) . 

We consider the metric 

co h = —j V—ldzi A dzj , 

where r 2 = Y^j=i \ z j\ 2 - If n = 2, ujh is <9<9-closed, but this is false if n > 2. 
We now show that co(t) = ujh — iRic(wff) gives an explicit solution of the 
Chern-Ricci flow on M a . 

Proof of Proposition [7751 Observe that det(w#) = r~ 2n and 

Ric(wfl-) = n\/^l<9<9 log r 2 = — i $ij ~y~ j V—ldzi A dzj ^ 0. 

For t < ^ we have the Hermitian metrics 

co(t) = u>h — tKic(con) = ~2 f (1 ~~ nt)8ij + nt^^j \P-idzi A dzj. 

To compute the determinant of co(t), note that the matrix nt^j- has eigen- 
value nt with multiplicity 1 and all the other eigenvalues are zero, while the 
matrix (1 — nt)5ij has eigenvalue 1 — nt with multiplicity n and is diagonal 

in every coordinate system. Choosing a coordinate system that makes 
diagonal we see that the eigenvalues of r 2 co(t) are 1 — nt with multiplicity 
n — 1 and 1 with multiplicity 1. Therefore 

, , , {l-nt) n - 1 

det (^)) = r 2n » 

from which it follows that Ric(u;(i)) = Ric(w#), which implies that co(t) 
solves the Hermitian Ricci flow on the maximal existence interval [0, ~). □ 

One can also consider more general Hopf manifolds, such as the Hopf 
surface M a with |ai| ^ | «2 1 ■ In this case, Gauduchon and Ornea |18| have 
constructed an explicit Gauduchon metric ojgo (which is also locally con- 
formally Kahler). It would be interesting to see if the solution of the Chern- 
Ricci flow starting at cjgo can also be written down explicitly. 

Next we give the proof of Proposition 11.91 

Proof of Proposition [7791 Write tot = ojh — iRic(u;#). Then we can write 
co(t) as co(t) = ujt + \/—lddip for a function tp = tp(t) solving the parabolic 
complex Monge- Ampere equation 

(8.1) |y = log ^g^ , £ k + yTm»0 1 <p\t=o = ^ 
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for tp as in the statement of Proposition ll.9l A solution exists for t G [0, 1/n). 
In what follows, we will drop the subscript t and write u) for Qf 
We wish to bound tr^w from above. First we claim that 

(8-2) - 2Re(^(^f )(djg kl )) - fl8irV(W(fyff)- 

To see ([8.2]) . compute 
Atr Wff w = g ji didj(g f £g ki ) 

(8.3) = JKdidpfe^a + ^didjg^ + 2Betf i {d i g$)(djg ta )), 
and 

— tr Wj/ w = c/f <9 fc <%logdet3 

(8.4) = -<?iV V'^X^y) + 

Then (j8.2p follows from combining (|8.3[) and (|8.4p and using the fact that 

Sij 9ij fij' 

For the first term on the right hand side of (|8.2p . note that 
9h = r 2 6 M , &j9h = z j$ke, didj9H = hjSkt, 

so that 

(8.5) ^(didjg^j = Y.9~ ll 9 k - k = (tr WH w)(tr w a;ff). 

i.k 

For the second term on the right hand side of (|8.2p . calculate 

(8.6) ^{dkdgQ - didjg kI ) = tr w Ric(wtf) - ng^^- - (n - 2)tr w w H . 
Indeed, to see (j8.6p we compute 



^- 7 ) d l9£j = --jZe [(l-nt)5 ij + — )+— 4- 



and 



1 / 2ntz k ZiZj 2nt~Zi5jk\ 2ntz k Zj8j i £ nt8j k 5n 



r 4*i{ ^ + ^2^) ^+ r 4 

6ntZiZjZ k z e 1 2 _ 
h -j{ntd jk d ie - (1 - ntjdkedij) + -^z k z e dij 

2nt _ _ _ 

6~ {OklZiZj + O jk ZiZ e + + OijZ k Zt) , 
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Finally, this gives: 



and 



2 



2 ■ : f t\ za 



■ ■ Z ' Z ' 

tr aJ Ric(wH) - ng 31 -^- - (n - 2)tr UJ uj H , 



establishing (|8.6p . 

Combining (fETS]) . (IH31) and ([EI]) we obtain 

d \ ~-~z ' z ' 
A ) tTujjU = -(tr WH w)(tr aj u;^) + tr^Ric^) - ng Jl ^- 



(n - 2)tr w w H - 2Re( ff >' i (d i <$ 



(8.8) -^VVX^f)^)- 

The troublesome term is the 5th one on the right hand side. We write this 
term as: 

-2Re(/Wf )(djg kI )) = -2Re(^(^f )(<%, fc7 )) 



jywJ ~ ■" ilJC \y \y%yH)\yiykjj 

)9ki ~ ^ykj' 



(8.9) =: Ai + A 

For A 2 use (|8.7p to compute 

and so 



A 2 = -^2~Re(g Jl Zi5 M {z t 5 kj - Zj5 M )) 



^2Re ^g jt (ziZj - nziZj 



U0) =2(n-l) 5 ^ 



To deal with Ai we introduce an inner product on tensors of type $ 
<E>^.£. For tensors ^ and <3? of this type, define 



Then if $ . = dig- k we see that the last term on the right hand side of 
is -l^l 2 . 
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Now compute 

A, = -2Re(^^)(%? fc j)) 

= -2Re(g^ i g^g uk g m (g H ) p ^d i g^)d I g kl ) 
= -2Re(tf,$) 
(8.11) <2|tf||$|, 

with *ijk = (9H)iq{djg 9 H)g u k and = d^. But 

_ 1 _ 1 _ 

and so 
Then 

< |^| 2 + |$| 2 

Jk z k z l . i A |2 



= (tr^u;)/^ + |*| 

(8.12) = (tr wj ,w)(tr w wjr) - (tr WjI w)^ - + |$| 

Combining (Eg}, (jg^p . ([8TTUD and (IKT21 we have 

— - A J ti LUH uj ^ tr w Ric(wff) - ng 3% -^- - (n - 2)tr w w// 



2 



(tr WK o;)i^(^-^) + 2(n-l)^ 



tr^Ric(^) - (n - 2)^ - 

- -(tr WH w)tr w Ric(wff) 
n — 2 

tr w Ric(w# ) tr aJ Ric(o; j ff) 

n 

- ^-(tr^a^tr^Ric^) 

2 1 \ . . 

tr w H u tr w Ric(wH). 

n n J 

Since Ric(w#) ^ 0, we conclude by the maximum principle that tr WH w is 
uniformly bounded from above. □ 

Finally, we remark that this implies the convergence of the Chern-Ricci 
flow at the level of potentials. Indeed, recall that u(t) = u% + \/—ldd(p 
with ip solving (|5.2j) and Cj t = ujh — iRic(wff). Moreover, Cjt is nonnegative, 
so we can apply the argument of Proposition 15.11 to obtain uniform upper 
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bounds for \(p\ and (p. It follows immediately that as t — > T, <p(t) converges 
pointwise to a function tp(T) on M a . On the other hand, by Proposition 11.91 
we have uniform bounds for \A 9H <p\. Thus standard elliptic theory gives a 
uniform bound for for any (3 £ (0, 1). It follows that <p — > <p(T) 

in C 1+ P for any (3 £ (0,1). 

9. The complex Monge- Ampere equation 

In this section we prove uniform estimates for solutions of the elliptic 
complex Monge- Ampere equation. 

Let (M n ,oj) be a compact Hermitian manifold, F a smooth function on 
M and oj' = to + \/—lddip a Hermitian metric that satisfies 

(9.1) (w + V^ldB<p) n = e F u n . 

We will give an alternative proof of the main result of [33] (see also [31 [12] 
for different proofs): 

Theorem 9.1. There is a constant C that depends only on (M,oj), sup M F 
and infjvf AF such that 

(9.2) sup ip — inf ip < C. 

M M 

This is slightly weaker than the result in [33], because there is no depen- 
dence of C on inf AF there (and in fact the proof of [33] can be easily 
modified to have C depend only on p > n and f M e pF rather than sup M F). 
The point of our discussion here is to establish Theorem [9J] via a new second 
order estimate which we had previously established [53] using the maximum 
principle only in the cases re = 2 or (M, oj) balanced. 

From now on we will normalize ip by assuming sup A / (f = 0. The estimate 
we wish to prove is: 

(9.3) tT g g' ^ Ce A ^-' mhl & 

for uniform constants C, A. The reader may notice that (|9.3p has the same 
form as the second order estimates of Yau and Aubin [1 , 60J . 

Theorem 19.11 then follows from (9.3). Indeed, we can then use the argu- 
ments in [53j to derive (|9,2p from (|9.3p . The idea is that a second order 
estimate of the form (|9.3p , together with the condition \/—ldd(p ^ —ui im- 
plies, via a Moser iteration argument applied to the exponential of <p, a zero 
order estimate for (p. This method was employed in the Kahler case in [59], 
and a related argument was used in the almost complex setting in [33]. 

Proof of (|9.3p . Following Phong-Sturm [33] we consider the quantity 

Q = logtr 9 g' - Acp + — — , 

tp — miM<p + l 
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1 < 1. We have 



for A 1 to be determined. Note that < 
A'Q = A' log tr^' - An + A\x g <g 

(9.4) + 



ip— Mm <p+i 
_ n - tr g ,g 
(if - m£ M 9? + I) 2 



(99 - inf M 95 + l) 3 
^ A'logtr 95 ' + J 4t V9 + 



2|« 



An — n, 



(ip - mt M <P + I) 3 

writing A' for the complex Laplacian associated to 5' . To calculate A' log tr 9 g' 
we go back to the calculations in Proposition 13.11 where g = go is now re- 
placed by g and g' takes the role of the evolving metric there. With these 
substitutions (13. 3p . (13. 4p and (13. 6p together read 



A'tr g g> = g^g Ik VjV k g[- + /'V,7j ( + /y^V^ 



-i?-2Re (^V^V^ 

-9' ll 9 lk T! k ^g rq + g^g lk TlTf, 

where i? = g ik R^j = g^ l g lk R k j^ is the Hermitian scalar curvature of <?. On 
the other hand by applying A log to (|9.1j) we get 

AF - R = <M^logdet(</) = g'^g^dkd-^ - g r ™ g rqi g tk d^-fig'^ 

and converting these into covariant derivatives (as in the argument for (|3.5p 
in the proof of Proposition I3.1|) we get 

AF = g rji g ek VjV k g' fj - ^VVVk^V^, 



and so 
A' log tr 9 c/' 



tr g g' 

+ 2Re (/y fc ^V l5 + g'^g lk T[ k T[ e g' p - q 



+ AF-R 



-9' 3 9 k TlTf e g P ^J. 

The Cauchy-Schwarz argument from (|3,7p shows that the quantity inside 
square brackets equals 

^qto g 9 r 



K + 2Re ( g^ k T- k 



tr g g' 
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and K ^ is the same quantity as in (I3.7D . Putting these together we have 
(9.5) A' log tr g g' > Re (> fc ^V f tr g </) - Ctr g ,g - C, 

where we used the fact that tr g g' ^ C _1 which is a simple consequence 
of (|9.ip and the arithmetic-geometric means inequality. Suppose that Q 
achieves its maximum at a point x 6 M. Then at x we have diQ = and 
hence 

-ditT g g - Adicp - — — — — ; T^ ditp = 0, 



therefore 



2 



(<p - inf M + I) 2 



(tv g g'Y 



-^Re Ig^TiV^gg' 



tr g g' 



Re [A + 



(ip - inf m v + I) 2 
+ CA 2 {ip-mfip + V 3 ""' 



ttys 



[if - inf M <p + l) 3 ' ~" v ^ m ^ ' ^ (tr 9 c/') 2 ' 
If at x we have (tr 9 </) 2 (x) ^ A 2 (ip(x) — inf a/ ty? + l) 3 then we also have (using 

3 
2 



that | log t < t for t > 0) 



Qs^C?(x) < - log(<p(s) - inf <p+l) + log .A - >ty>(a;) + 1 

^ —(A — i)ip(x) - inf ip + log A + 2 < inf w + log ^ + 2, 

M ~ Af 

and so in this case (|9.3p follows immediately. 

Otherwise, we have {ti g g') 2 {x) ^ A 2 (ip(x) — inf^f + l) 3 and so at x, 



(9.6) 



-^Re ( 5 ^4V ¥ tr g5 ' 



(<p - inf M if + l) 3 



+ Ctiyg. 



Combining f|9.4j) . (|9.5p and (|9.6p we get, at x, 

^ A'Q ^ Atryp - CtY g ig - An - n - C ^ tr s 'g - C, 
if ^4 is chosen sufficiently large. From this (|9,3p follows easily. 



□ 
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